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Abstract
R-symmetries, which are needed for supersymmetry (SUSY) breaking in O’Raifeartaigh
models, often lead to SUSY runaway directions trough a complexified R-transformation.
Non-R symmetries also lead to runaway directions in a similar way. This work investigates
the occurrence of runaway directions of both SUSY and SUSY breaking types. We clarify
previous issues on fractional charges and genericness, and make a refined statement on
conditions for runaway directions related to either R-symmetries or non-R symmetries. We
present a generic and anomaly-free model to show the existence of runaway directions related
to non-R symmetries. We also comment on the possibility to combine the non-R symmetry
case to the R-symmetry case by an R-charge redefinition.
1 Introduction
In the study of supersymmetry (SUSY) model building [1, 2], R-symmetries are needed for
SUSY breaking O’Raifeartaigh models because of the generic relations described by the Nelson-
Seiberg theorem and its extensions [3, 4, 5]. The study of metastable SUSY breaking [6] also
takes advantage from approximate R-symmetries [7]. In addition, the SUSY breaking sector
often contains global (non-R) symmetries which may be broken or gauged in the complete model.
It has been found that SUSY runaway directions related to R-symmetries are common in these
models [8, 9, 10]. So the SUSY breaking vacuum due to the Nelson-Seiberg theorem can tunnel
to the runaway direction through a non-perturbative process [11, 12] and becomes metastable.
To build a phenomenologically plausible model, one needs to tune the superpotential to give
a long lifetime for the metastable vacuum against tunneling, or calculate quantum corrections
which may stabilize fields at finite values along the runaway direction.
Runaway directions are obtained by a complexified R-transformation which pushes some field
values to the infinity and satisfies SUSY equations at the asymptotic limit. Proofs in previous
literature utilize a generic form of R-symmetric superpotentials. Fields are either assumed to
have integer R-charges [8, 9], or redefined to alter the expression of the superpotential [10].
In this work we will clarify several issues in previous literature. We point out that fractional
R-charges complicate the superpotential, and renormalizability often leads to a non-generic
superpotential. Both of these issues make parts of the previous proof invalid. We also show
that models with no negatively R-charged field do not give runaway directions related to R-
symmetries. So the occurrence of runaway directions is less often than the estimation in previous
literature. And we make a refined statement on conditions for runaway directions of both SUSY
and SUSY breaking types.
The technique of complexified transformation can also be applied to non-R U(1) symme-
tries [13]. With an argument similar to the R-symmetry one, it can be shown that there exist
runaway directions related to non-R U(1) symmetries. Besides the example in [13] which needs
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another ZN symmetry for genericness, we present a new model to show the existence of such a
runaway direction, with a generic superpotential respecting both an R-symmetry and a non-R
U(1) symmetry, and an anomaly-free U(1) charge assignment. Although non-R U(1) sym-
metries can be absorbed into R-symmetries by an R-charge redefinition [14], the non-R U(1)
argument provides a clear view on the occurrence of runaway directions in certain examples and
may have phenomenological advantages.
This paper is organized as follows. Section 2 reviews runaway directions from R-symmetries
and clarify several issues in previous literature; Section 3 discusses runaway directions from non-
R U(1) symmetries using a similar technique as in the R-symmetry cases, presents a generic and
anomaly-free model to show the existence of runaway directions related to non-R symmetries,
and comments on the R-charge redefinition to absorb non-R symmetries; Section 4 summarizes
results of this paper, lists the conditions for runaway directions, and discusses issues of non-
genericness and D-term runaway directions which are not covered in our work.
2 Runaway directions from R-symmetries
In O’Raifeartaigh models, the need for R-symmetries comes from their importance for SUSY
breaking, as described by the Nelson-Seiberg theorem. Given a superpotential W (φi), the
SUSY breaking scale can be described by the F-terms Fi = ∂iW at the vacuum. So a solution
to equations ∂iW = 0 gives a SUSY vacuum, and a minimum of the scalar potential V =
|∂iW |2 with ∂iW 6= 0 gives a SUSY breaking vacuum. R-symmetries are a special type of
U(1) symmetries which do not commute with the supercharge, thus rotate the superpotential
by a phase. The original Nelson-Seiberg theorem [3] claims that, for SUSY breaking in a
generic O’Raifeartaigh model, a necessary condition is to have an R-symmetric superpotential,
and a sufficient condition is to have spontaneous R-symmetry breaking at the vacuum. An
improved proof [5] shows that the necessary and sufficient condition for SUSY breaking is to
have an R-symmetric superpotential and more R-charge 2 fields than R-charge 0 fields. A small
modification towards an approximate R-symmetry gives metastable SUSY breaking [7]. These
results provide general guidelines for model building with R-symmetries.
Apart from vacua at finite field values, the vacuum structure of the model may also contains
runaway directions. Along the runaway direction, F-terms keep decreasing and reach zero at
the asymptotic limit where some field values move to infinity. One may also get SUSY breaking
runaway directions if some F-terms remain to be non-zero at the limit. A special type of SUSY
runaway directions are often found in models with R-symmetries, by applying the complexified
R-transformation:
φi → eR(φi)αφi, α ∈ R, (1)
where R(φi) is the R-charge of φi. Notice that this is not a symmetry of the whole SUSY
action because of kinetic terms. Since the superpotential always has R-charge 2, F-terms are
also rescaled under the complexified R-transformation:
∂iW → e(2−R(φi))α∂iW, α ∈ R. (2)
In other words, ∂iW scales like a field with R-charge 2−R(φi). If one of equations ∂iW = 0 is
solved, rescaling field values with the complexified R-transformation still solves the equation.
To show the occurrence of runaway directions, SUSY equations are classified according to
their F-term R-charges:
∂iW = 0, R(φi) > 2⇒ R(∂iW ) < 0, (3)
∂iW = 0, R(φi) = 2⇒ R(∂iW ) = 0, (4)
∂iW = 0, R(φi) < 2⇒ R(∂iW ) > 0. (5)
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In SUSY breaking models, these equations can not be solved simultaneously. If one can just
solve equations of type (3) and (4), the complexified R-transformation with α → −∞ satisfies
equations of type (5) at the limit and gives a runaway direction. An example of such case is
the Witten’s runaway model [15]:
W = fX +
1
2
λX2φ, (6)
with the R-charge assignment
R(X) = 2, R(φ) = −2. (7)
The resulting SUSY runaway direction is given as:
φ = − f
λX
, X → 0. (8)
Similarly, if one can solve equations of type (4) and (5), the complexified R-transformation with
α→ +∞ satisfies equations of type (3) at the limit and gives a runaway direction. An example
of such case is the spontaneous R-symmetry breaking model [16]:
W = fX + λXφ1φ2 +m1φ1φ3 +
1
2
m2φ
2
2, (9)
with the R-charge assignment
R(X) = 2, R(φ1) = −1, R(φ2) = 1, R(φ3) = 3. (10)
The resulting SUSY runaway direction is given as:
X =
m2f
λ2φ21
, φ2 = − f
λφ1
, φ3 =
m2f
2
m1λ2φ31
, φ1 → 0. (11)
If equations of type (4) can not be solved, one needs to find a minimum of the potential from
R-charge 0 F-terms:
V0 =
∑
R(φi)=2
|∂iW |2. (12)
The complexified R-transformation leaves these non-zero F-terms invariant. One may get SUSY
breaking runaway directions by just solving equations of either type (3) or type (5), and asymp-
totically satisfying the other. In all cases, there are more fields than equations to be solved
before taking the limit, and runaway directions should exist for a generic W .
For models with all R-charges to be integers, one can go further to prove some stronger
statements [8]. In such a model, if there is only one R-charge 2 field, (4) and (5) can always
be solved and a runaway direction exists if there are fields with R-charge other than 0, 1, 2.
A similar statement can be made with more than one R-charge 2 fields, by satisfying some
mild conditions of R-charge counting. These statements can not be generalized to models with
fractional R-charges, such as the tree-level R-symmetry breaking models [14, 17, 18]. We show
here an example of superpotential
W = λφ1(φ4φ5 −m2) + µφ2φ4 + νφ3φ5 + aφ25φ6 + bφ4φ6φ7 + σφ37, (13)
with the R-charge assignment
R(φ1) = 2, R(φ2) = 20/9, R(φ3) = 16/9,
R(φ4) = −2/9, R(φ5) = 2/9, R(φ6) = 14/9, R(φ7) = 2/3.
(14)
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All R-charges are fixed by the form of superpotential and can not be redefined to integers. Such
fractional R-charges complicate the superpotential and invalidate the stronger statements made
by [8]. And detailed calculation indeed gives SUSY breaking at the global minimum without
any runaway direction [18].
An alternative attempt to show the existence of runaway directions has been provided [10]
using the field redefinition introduced in the original proof of the Nelson-Seiberg theorem [3]:
W = φ
2/R(φ1)
1 f(Y2, . . . , Yn), with Yi = φi/φ
R(φi)/R(φ1)
1 . (15)
∂i≥2W = 0 equations can be satisfied by solving ∂Yif = 0 for a generic function f . And the
rest equation ∂φ1W = 0 can be satisfied asymptotically by applying a proper complexified
R-transformation. The asymptotic limit either gives a SUSY runaway direction if R(φ1) ∈
(−∞, 0) ∪ (2,+∞), or pushes φ1 to zero which is a singular point in the field redefinition. The
result sounds too strong to be true: In contrast to the previous R-charge counting requirement,
only one field with R-charge negative or greater than 2 is needed for the runaway direction.
It turns out that the discrepancy comes from non-genericness of f(Y2, . . . , Yn). The field re-
definition from φi’s to Yi’s introduces fractional and negative powers of φ1, which have to be
combined to integer and positive powers in the expression of W . A renormalizable W can have
only polynomial terms up to cubic. So many combinations of Yi’s, although allowed by the R-
symmetry, can not show up in f . Such non-genericness can be demonstrated in the spontaneous
R-symmetry breaking model (9). We identify the φ1 in (9) as the φ1 in (15). A term like Y2Y3
in f corresponds to φ21φ2φ3 in W which respects the R-symmetry but is not renormalizable.
So we see renormalizability puts a strong constraint on the possible form of f , and makes this
statement through redefined fields invalid.
Finally, we make a comment on the case with no negatively R-charged field. Since W has
R-charge 2, such models also contain no field with R-charge larger than 2. So any field in such a
model has R-charge in the [0, 2] range. There is no equation of type (3). If (4) and (5) both are
solved, one gets a SUSY vacuum. If only (4) is solved, the needed complexified R-transformation
with α → −∞ to solve (5) asymptotically pushes all positively R-charged fields to zero, and
leaves R-invariant fields unchanged. Unlike the proof in [10], no field redefinition has been done
and W remains to be a polynomial. The asymptotic limit is actually a SUSY vacuum at finite
field values. So we have shown that at least one field with negative R-charge is necessary for
the existence of runaway directions related to R-symmetries.
3 Runaway directions from non-R U(1) symmetries
The technique of complexified transformation used in the previous proof can also be applied to
non-R U(1) symmetries [13]. The procedure is almost the same to what has been done in the
R-symmetry case. The complexified U(1) transformation is
φi → eQ(φi)αφi, α ∈ R, (16)
whereQ(φi) is the U(1) charge of φi. Notice again that this is not a symmetry of the whole SUSY
action because of kinetic terms. The superpotential must be invariant under the symmetry, thus
has U(1) charge 0, F-terms are also rescaled under the complexified U(1) transformation:
∂iW → e−Q(φi)α∂iW, α ∈ R. (17)
In other words, ∂iW scales like a field with U(1) charge −Q(φi). If one of equations ∂iW = 0 is
solved, rescaling field values with the complexified U(1) transformation still solves the equation.
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SUSY equations are classified according to their F-term U(1) charges:
∂iW = 0, Q(φi) > 0⇒ Q(∂iW ) < 0, (18)
∂iW = 0, Q(φi) = 0⇒ Q(∂iW ) = 0, (19)
∂iW = 0, Q(φi) < 0⇒ Q(∂iW ) > 0. (20)
In SUSY breaking models, these equations can not be solved simultaneously. If one can just
solve equations of type (18) and (19), the complexified U(1) transformation with α → −∞
satisfies equations of type (20) at the limit and gives a runaway direction. Similarly, if one
can solve equations of type (19) and (20), the complexified U(1) transformation with α→ +∞
satisfies equations of type (18) at the limit and gives a runaway direction. If equations of
type (19) can not be solved, one needs to find a minimum of the potential from U(1) charge 0
F-terms:
V0 =
∑
Q(φi)=0
|∂iW |2. (21)
The complexified U(1) transformation leaves these non-zero F-terms invariant. One may get
SUSY breaking runaway directions by just solving equations of either type (18) or type (20),
and asymptotically satisfying the other. In all cases, there are more fields than equations to be
solved before taking the limit, and runaway directions should exist for a generic W .
The literature [13] provides an example with the following superpotential
W = fX1 + λX1φ1φ2 +mX2φ2 + λ
′X3φ1φ3, (22)
and the R-charge and U(1) charge assignment
R(X1) = R(X2) = R(X3) = 2, R(φ1) = R(φ2) = R(φ3) = 0, (23)
Q(X1) = Q(φ3) = 0, Q(X2) = Q(φ1) = 1, Q(X3) = Q(φ2) = −1. (24)
It is noticed that only the first three terms of W are necessary for showing the runaway direction
along the φ1 direction. But a negatively charged field X3 is needed for anomaly cancellation if
the U(1) is promoted to a gauge symmetry at high scale. Another neutral field φ3 in the fourth
term is needed to keep the runaway direction intact. And an additional ZN>2 symmetry, under
which X3 and φ3 have charges 1 and −1, is needed for W to be generic.
Here we will present a new model with both an R-symmetry and a non-R U(1) symmetry,
but its genericness does not rely on extra symmetries. Although extra symmetries like the ZN
in the previous model are generally accepted for realistic model building, our model provides
an alternative way for genericness and simplicity. The superpotential is
W = X1(f + λφ1φ2) +X2(g + κφ1φ3) +mX3φ2, (25)
with the R-charge and U(1) charge assignment
R(X1) = R(X2) = R(X3) = 2, R(φ1) = R(φ2) = R(φ3) = 0, (26)
Q(X1) = Q(X2) = 0, Q(X3) = Q(φ1) = 1, Q(φ2) = Q(φ3) = −1. (27)
The U(1) charge assignment ensures the model to be anomaly-free when the U(1) is gauged, so
one can later use D-terms to stabilize fields at finite values along the runaway direction, as was
done in [13]. Furthermore, the superpotential can be obtained from a more generic form
W = X˜1(f˜ + λφ1φ˜2 + µφ1φ3) + X˜2(g˜ + νφ1φ˜2 + κφ1φ3) +X3(mφ˜2 +m
′φ3), (28)
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which includes all terms respecting both symmetries. A field redefinition
X1 = X˜1 +
ν
λ
X˜2, X2 = (
µ
κ
− λm
′
κm
)X˜1 + (1− νm
′
κm
)X˜2, φ2 = φ˜2 +
m′
m
φ3 (29)
and a coefficient reassignment
f =
λ
λκ− µν ((κ−
νm′
m
)f˜ + (µ− λm
′
m
)g˜), g =
κ
λκ− µν (−νf˜ + λg˜) (30)
converts W to the form (25). So we will regard the superpotential (25) as generic.
Since there are equal number of R-charge 2 and R-charge 0 fields, SUSY vacua should
generically exist. But because the non-R U(1) symmetry restricts the form of W , our model
actually has no SUSY vacuum. One can see this by working out the SUSY equations from (25):
∂X1W = f + λφ1φ2 = 0, ∂X2W = g + κφ1φ3 = 0, ∂X3W = mφ2 = 0, (31)
∂φ1W = λX1φ2 + κX2φ3 = 0, ∂φ2W = λX1φ1 +mX3 = 0, ∂φ3W = κX2φ1 = 0. (32)
Equations (32) can always be solved by setting all X’s to zero. But equations (31) can not
be solved simultaneously. Searching for stationary points of the scalar potential turns out that
there is only a SUSY breaking saddle point with all φ’s at zero. Since all X fields have R-charge
2, one can not see the existence of runaway directions through a complexified R-transformation.
However, one can classify the unsolved equations according to their F-term U(1) charges:
∂X1W = f + λφ1φ2 = 0, Q(X1) = 0⇒ Q(∂X1W ) = 0, (33)
∂X2W = g + κφ1φ3 = 0, Q(X2) = 0⇒ Q(∂X2W ) = 0, (34)
∂X3W = mφ2 = 0, Q(X3) = 1⇒ Q(∂X3W ) = −1. (35)
The runaway direction can be found by solving equations withQ(X) ≤ 0, i.e., equations (33) and
(34), and satisfying equation (35) with the complexified U(1) transformation at the α → +∞
limit. The resulting SUSY runaway direction is given as:
φ1 = − f
λφ2
, φ3 =
λgφ2
κf
, φ2 → 0, X1 = X2 = X3 = 0. (36)
As shown in literature [14], for a choice of R-charges ri’s and non-R U(1) charges qi’s, R-
charges can be reassigned as r′i = ri + aqi for a ∈ R. One can try to absorb the U(1) symmetry
into the R-symmetry, for example, by taking R′(φ) = R(φ) + Q(φ). The R-charge assignment
(26) becomes
R′(X1) = R′(X2) = 2, R′(X3) = 3, R′(φ1) = 1, R′(φ2) = R′(φ3) = −1. (37)
The SUSY runaway direction (36) can be described as a result of R-symmetry with this new
R-charge assignment, by solving equations of type (4) and (5), and satisfying equations of type
(3) with the complexified R-transformation at the α → +∞ limit. Although most runaway
directions from non-R U(1) symmetries have such an R-symmetry description, there may exist
some special choice of R-symmetries and non-R symmetries which are preferred for phenomenol-
ogy study. For example, a certain choice of U(1) may be gauged at high scale and provide the
D-term [13]. And the non-R symmetry description provides a clear view on the occurrence of
runaway directions in such models.
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4 Conclusion
We have discussed two general types of runaway directions in O’Raifeartaigh models. They
are obtained by the technique of complexified transformation from R-symmetries and non-R
U(1) symmetries, both of which are common in SUSY model building. After clarifying issues
on fractional charges and genericness, the conditions for runaway directions of both SUSY and
SUSY breaking types are given as follows.
For runaway directions related to R-symmetries, SUSY equations are classified to three types
(3), (4) and (5) according to their F-term R-charges. SUSY breaking means all equations can
not be solved simultaneously.
1. If there is no negatively R-charged field, then there is no runaway direction related to
R-symmetries. At least one field with negative R-charge is necessary for the existence of
runaway directions related to R-symmetries.
2. If equations of type (3) and (4) can be solved, complexified R-transformation can asymp-
totically satisfy equations of type (5) and give a SUSY runaway direction.
3. If equations of type (4) and (5) can be solved, complexified R-transformation can asymp-
totically satisfy equations of type (3) and give a SUSY runaway direction.
4. If equations of type (4) can not be solved, one needs to find a minimum of the potential
from R-charge 0 F-terms. Then solving either one of (3) and (5) and asymptotically
satisfying the other leads to a SUSY breaking runaway direction.
For runaway directions related to non-R U(1) symmetries, SUSY equations are classified to
three types (18), (19) and (20) according to their F-term U(1) charges. SUSY breaking means
all equations can not be solved simultaneously.
1. If equations of type (18) and (19) can be solved, complexified U(1) transformation can
asymptotically satisfy equations of type (20) and give a SUSY runaway direction.
2. If equations of type (19) and (20) can be solved, complexified U(1) transformation can
asymptotically satisfy equations of type (18) and give a SUSY runaway direction.
3. If equations of type (19) can not be solved, one needs to find a minimum of the potential
from U(1) charge 0 F-terms. Then solving either one of (18) and (20) and asymptotically
satisfying the other leads to a SUSY breaking runaway direction.
As an example, we have presented a model with both an R-symmetry and a non-R U(1)
symmetry. The superpotential includes all generic terms respecting both symmetries, and the
model is anomaly-free when the U(1) is gauged. One finds a runaway direction (36) related to
the non-R U(1) symmetry and no runaway directions related to the R-symmetry. The non-R
U(1) symmetry case can be combined to the R-symmetry case by an R-charge redefinition which
absorbs the non-R symmetry. But the non-R symmetry description provides a clear view on the
occurrence of runaway directions in certain models and may have phenomenological advantages.
In all cases, there are more fields than equations to be solved before taking the asymptotic
limit, and runaway directions should exist for a generic W . In certain examples the specific
form of W may make such small number of equations still unsolvable, and one needs to check
by detailed calculation whether SUSY or SUSY breaking runaway directions exist. In addi-
tion, runaway directions may also appear after including D-terms [7, 15, 19, 20] which are not
discussed in our work, and provide various tools for model building.
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